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Multipartite entanglement is a key resource for various quantum information tasks. Here, we
present a scheme for generating genuine tripartite entanglement via nonlinear optical processes. We
derive, in the Fock basis, the corresponding output state which we termed the coupled three-mode
squeezed vacuum. We find unintuitive behaviors arise in intensity squeezing between two of the three
output modes due to the coupling present. We also show that this state can be genuinely tripartite
entangled.
Quantum entanglement has been a topic of extensive
research ever since Einstein, Podolsky, and Rosen pro-
posed the nonlocal nature of quantum mechanics [1].
More recently, entanglement theory has been generalized
to systems with more than two subsystems [2–4]. Such
multipartite entanglement, integral to the generation of
future quantum networks, has also been observed exper-
imentally [5, 6].
Quantum networks enable quantum communication
between arbitrary network users [7]. Multipartite en-
tanglement serves as a fundamental resource for var-
ious quantum information tasks in such networks [8].
For example, information exchange in a network may
be done through quantum teleportation [9], which re-
quires prior generation and distribution of entanglement
between multiple parties. Multipartite entanglement also
allows parties in the network to perform distributed
information-processing tasks that exhibit quantum ad-
vantages [10]. One of the many obstacles in realizing
quantum networks is precisely the generation and distri-
bution of robust multipartite entanglement.
Nonlinear optics provides a number of promising ex-
perimental tools for realizing multipartite entanglement,
one of which is four-wave mixing (FWM). Four-wave
mixing is a general term used to describe the para-
metric interaction between four coherent fields mediated
by a nonlinear medium. Theoretical studies on using
FWM for the generation of a two-mode squeezed vac-
uum (TMSV) or other two-mode squeezed states have
been well-presented [11–16]. FWM in hot atomic vapor
has been demonstrated to be a reliable source of squeezed
light experimentally [17–20]. Recent work has utilized
FWM as an efficient source of multimode quantum cor-
related states using either multiple pump beams [21], spa-
tially structured pump beams [22, 23], or cascading se-
tups [24–27]. Here we show that such processes (as well as
those like spontaneous parametric down conversion) may
be used to generate genuine tripartite entangled states.
In this letter, we consider the setup in Fig. 1 (a). The
pump photons interact with the nonlinear medium (85Rb
atomic vapor) through a FWM process. The two pump
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FIG. 1. Dual-pump coupled FWM. (a) Schematic of setup.
(b) Phase-matching diagram.
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of the pump, probe, and conjugate photons, respectively.
beams of the same frequency are aligned such that their
output probe beams overlap in the middle (mode b). In
this configuration, two photons from pump 1 are annihi-
lated to create a probe photon in mode b and a conju-
gate photon in mode a, and two photons from pump 2
are annihilated to create a probe photon in mode b and
a conjugate photon in mode c. Figure 1 (b) shows the
phase-matching diagram.
The time-independent interaction Hamiltonian for this
setup can be written as
HˆI = i~(η∗1 aˆbˆ− η1aˆ†bˆ† + η∗2 bˆcˆ− η2bˆ†cˆ†), (1)
where aˆ, bˆ, cˆ are the bosonic annihilation operators for
modes a, b, c, respectively, η1 and η2 are complex num-
bers that depend on the respective states of pumps 1 and
2 and the third-order nonlinearity of the medium. Here
we assume undepleted and coherent pumps, and make
use of the rotating wave approximation [28]. The uni-
tary time evolution operator associated with this Hamil-
tonian is what we call the coupled three-mode squeezing
operator :
Sˆ3(ξ1, ξ2) = exp(ξ
∗
1 aˆbˆ+ ξ
∗
2 bˆcˆ− ξ1aˆ†bˆ† − ξ2bˆ†cˆ†), (2)
ξ1 = η1t = r1e
iθ1 , ξ2 = η2t = r2e
iθ2 , (3)
where t is the interaction time. This interaction can be
characterized by the two complex squeezing parameters
ξ1 and ξ2, whose respective magnitudes are r1, r2, and
respective phases are θ1, θ2. We note that this squeez-
ing operator can also be realized using other nonlinear
ar
X
iv
:2
00
2.
00
32
3v
1 
 [q
ua
nt-
ph
]  
2 F
eb
 20
20
2optical processes such as spontaneous parametric down-
conversion.
The coupled three-mode squeezed vacuum (C3MSV) is
the output state when Sˆ3 acts on vacuum inputs. The
result is, in the Fock basis,
|C3MSV〉 ≡ Sˆ3 |0, 0, 0〉 = 1
cosh r
∞∑
n,l=0
(−1)n+lei(nθ1+lθ2)
(r1
r
tanh r
)n(r2
r
tanh r
)l√ (n+ l)!
n! l!
|n, n+ l, l〉 , (4)
where r =
√
r21 + r
2
2, and the set of states {|n,m, l〉 ≡
|n〉a ⊗ |m〉b ⊗ |l〉c} is the basis of the three-mode Fock
space. The C3MSV becomes a TMSV in modes a, b and
vacuum in mode c when r1 > 0 and r2 = 0, and a TMSV
in modes b, c and vaccum in mode a when r1 = 0 and
r2 > 0.
FIG. 2. (a) Squeezing, in decibels, of the photon number
operator nˆb − nˆa with changing r1 and r2. (b) Minimum
value of squeezing of nˆb − nˆa and the value of r1 where the
minimum occurs w.r.t r2.
Having found the output state, we now look at the
intensity squeezing properties of said state, namely the
squeezing of combinations of photon number opera-
tors nˆa ≡ aˆ†aˆ, nˆb ≡ bˆ†bˆ, and nˆc ≡ cˆ†cˆ. Squeez-
ing of a Hermitian operator Oˆ is defined as the ra-
tio 〈(∆Oˆ)2〉/〈(∆Oˆ)2〉coh, expressed in decibels, where
〈(∆Oˆ)2〉 denotes the variance of Oˆ w.r.t the C3MSV,
and 〈(∆Oˆ)2〉coh denotes the standard or shot noise limit
(SNL) of Oˆ, which is calculated to be the variance of
the operator w.r.t coherent states in each mode with the
same respective mean photon number as the C3MSV. A
physical quantity is squeezed whenever the squeezing of
the corresponding operator is below 0 dB.
The C3MSV is an eigenstate of the photon number
operator nˆb − nˆa − nˆc with eigenvalue 0. Hence, the
variance of the difference between the intensity of mode
b and the sum of intensities of mode a and c is ideally
0. This is expected by simple examination of the setup.
Interesting behaviors arise when we look at the inten-
sity squeezing between two modes, namely nˆb − nˆa and
nˆb− nˆc. Since r1 is the squeezing parameter that charac-
terizes the interaction between pump 1 and the medium,
which generates photons in modes a and b, one would
expect the strength of the squeezing of nˆb − nˆa to in-
crease (i.e. the ratio 〈[∆(nˆb − nˆa)]2〉/〈[∆(nˆb − nˆa)]2〉coh
decreases) as r1 increases, as it would in a TMSV [16].
However, Fig. 2 (a) shows that a maximum exists for the
strength of squeezing of nˆb − nˆa (minimum of the ra-
tio 〈[∆(nˆb − nˆa)]2〉/〈[∆(nˆb − nˆa)]2〉coh) for any value of
r2 6= 0, which means that the intensity difference between
modes b and a will always become not squeezed for suf-
ficiently large r1. Fig. 2 (b) shows how the minimum of
〈[∆(nˆb−nˆa)]2〉/〈[∆(nˆb−nˆa)]2〉coh and the optimal r1 (the
value of r1 at the minimum) changes with r2. Each mode
in the C3MSV is in a thermal state individually, which is
similar to those of a TMSV [16, 29]. Thus the interaction
between modes a and b is effectively being seeded by a
thermal state in mode b, which is being generated from
the interaction between modes b and c.
The intensity squeezing results shown above only de-
pend on the magnitudes r1 and r2, but not on the phases
θ1 and θ2. Experimentally, r1 and r2 depend on factors
such as temperature of the medium, pump powers, and
interaction time, so their tunability is limited. To investi-
gate the presence of entanglement, we would like to look
at the quadrature squeezing properties of the C3MSV,
which do depend on the phases θ1 and θ2. Here, we in-
troduce the quadrature operators
Uˆ = h1Xˆa + h2Xˆb + h3Xˆc, (5)
Vˆ = h1Pˆa + h2Pˆb + h3Pˆc, (6)
where Xˆj = (jˆ + jˆ
†)/2, Pˆj = (jˆ − jˆ†)/(2i) for j = a, b, c,
and h1, h2, h3 are real numbers. The uncertainty princi-
ple gives us
〈(∆Uˆ)2〉〈(∆Vˆ )2〉 ≥ 1
16
(h21 + h
2
2 + h
2
3)
2, (7)
and the SNLs of Uˆ and Vˆ are
〈(∆Uˆ)2〉coh = 〈(∆Vˆ )2〉coh = 1
4
(h21 + h
2
2 + h
2
3). (8)
Figure 3 and Fig. 4 show the squeezing of Uˆ and Vˆ for
h1 = h2 = h3 = 1 and various values of r1 and r2. Fig-
ure 3 shows the results for symmetric magnitudes of the
squeezing parameters (r1 = r2), and Fig. 4 shows the re-
sults for asymmetric magnitudes (r1 6=r2). In both cases,
there are values of θ1 and θ2 where Uˆ and Vˆ are both
not squeezed, but never were they both squeezed. This
3is similar to the result of a joint quadrature measure-
ment on a TMSV. For the asymmetric case shown in
Fig. 4 (r1 > r2), there are certain values of θ1 where the
squeezing is independent of θ2.
FIG. 3. Contour plot of squeezing, in decibels, of (a) Uˆ , (b)
Vˆ , for h1 = h2 = h3 = 1, r1 = r2 = 0.5. The blue regions are
where the operators are squeezed.
FIG. 4. Contour plot of squeezing, in decibels, of (a) Uˆ , (b)
Vˆ , for h1 = h2 = h3 = 1, r1 = 0.7, r2 = 0.3. The blue regions
are where the operators are squeezed.
We would also like to show that the C3MSV is genuine
tripartite entangled. Genuine tripartite entanglement is
a stronger criterion than, and is not equivalent to full tri-
partite inseparability in general, the details of which are
explained in Ref. [30]. A criterion based on quadrature
operators for demonstrating genuine tripartite entangle-
ment has been presented and proven in Ref. [31]. The
criterion is stated as follows: the violation of any of the
inequalities,
〈(∆Uˆ1)2〉〈(∆Vˆ1)2〉 ≥ 1, (9a)
〈(∆Uˆ2)2〉〈(∆Vˆ2)2〉 ≥ 1, (9b)
〈(∆Uˆ3)2〉〈(∆Vˆ3)2〉 ≥ 1, (9c)
is sufficient to confirm genuine tripartite entanglement,
where
Uˆ1 = 2Xˆa −
√
2(Xˆb + Xˆc), Vˆ1 = 2Pˆa +
√
2(Pˆb + Pˆc),
Uˆ2 = 2Xˆb −
√
2(Xˆa + Xˆc), Vˆ2 = 2Pˆb +
√
2(Pˆa + Pˆc),
Uˆ3 = 2Xˆc −
√
2(Xˆa + Xˆb), Vˆ3 = 2Pˆc +
√
2(Pˆa + Pˆb).
Notice that [Uˆj , Vˆj ] = 0, so the product
〈(∆Uˆj)2〉〈(∆Vˆj)2〉 is lower bounded by 0 for j = a, b, c.
We find that the inequalities in Eqs. (9a) and (9c) are
never violated, but the inequality in Eq. (9b) can be
violated.
FIG. 5. Contour plot of the product 〈(∆Uˆ2)2〉〈(∆Vˆ2)2〉 for
(a) r1 = r2 = 0.5, (b) r1 = 0.7, r2 = 0.3, (c) r1 = r2 = 1.0,
(d) r1 = 1.7, r2 = 0.3. The region inside the line labeled “1”
is where the inequality in Eq. (9b) is violated.
Figure 5 shows contour plots of the product
〈(∆Uˆ2)2〉〈(∆Vˆ2)2〉 for symmetric and asymmetric values
of r1 and r2. In all four cases in Fig. 5, the region where
we can confirm genuine tripartite entanglement is cen-
tered at the point θ1 = θ2 = pi. The violation of the
inequality in Eq. 9b becomes stronger at the expense of
a smaller range of θ1 and θ2 values as r1 and r2 increase.
This region becomes smallest in the most asymmetric
case (Fig. 5 (d)) since the C3MSV reduces to a TMSV
in modes a and b and vacuum in mode c when r1r2,
which is not genuine tripartite entangled.
In conclusion, we presented a scheme for generating
tripartite entanglement via nonlinear optical processes,
such as FWM, using two crossed pump beams. We
derived the output state of this setup for vacuum in-
puts, which we termed the coupled three-mode squeezed
vacuum. We investigated the intensity squeezing and
quadrature squeezing properties of the C3MSV state,
and showed that some unintuitive behaviors arise due
to the coupling. We also showed that C3MSV can be
genuinely tripartite entangled. We would like to point
out that the violation of inequalities in Eq. (9) is only
sufficient in demonstrating genuine tripartite entangle-
ment, thus the state may still be genuine tripartite en-
tangled even in regimes where none of the inequalities in
Eq. (9) are violated. The setup presented here can be
modified and expanded to generate more than three out-
put modes [22, 32]. Such setups provide us with a plat-
form to study multipartite entanglement, and will further
the development of quantum information protocols and
quantum networks.
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